It is important that any dynamics method approaches the correct population distribution at long times. In this paper, we derive a one-body reduced density matrix dynamics for electrons in energetic contact with a bath.
I. INTRODUCTION
A perfect theory of electronic dynamics must relax towards the correct equilibrium distribution of population at long times. However, satisfying this condition is not trivial. The two most common approaches for simulating non-equilibrium electronic dynamics in chemistry, Ehrenfest method and the surface hopping approach, do not satisfy this condition exactly. In the case of Ehrenfest dynamics, the violation of detailed balance is severe 1 and the dynamics can only be taken seriously at short times. In the case of surface hopping, the violation is so small it is hard to identify 2 .
Both these methods are usually formulated in a basis of distinguishable (Boltzmannian) electronic states. Because the basis must be limited in practice, predictions in the Boltzmannian picture depend on a choice of adiabatic or quasi-diabatic states.
States with fractional orbital occupations are also extremely expensive and difficult to treat in a basis of collective electronic states. To address these problems, we are pursuing relaxation dynamics based on the reduced electron density matrices without wavefunctions.
In the one-electron picture, non-equilibrium Green's function theories [3] [4] [5] [6] and Boltzmann transport equations 7, 8 do satisfy detailed balance. Master equations which exchange both electrons and energy between a system and a bath of twolevel Fermions have also been recently derived and approach a Fermi-Dirac (FD) distribution 9, 10 . However, for spectroscopy the most important bath is undoubtedly the bosonic vibrations of the atoms 11 . To our knowledge, it has never been explicitly shown how a bosonic bath drives electrons to their correct equilibrium as presented in this paper. We show how a Pauli-blocking effect slows down relaxation, and dephasing of electrons. The derivation that we use is general and can be applied to electron correlation as well. We also use our new expressions to show that the rate of relaxation for a particle-hole excitation is not constant because of the Pauli-blocking effect.
Ordinary system-bath perturbation theory with a bath of bosons does not tend towards FD populations. The equations do not consider exchange statistics so they approach a canonical equilibrium instead. The present paper is actually the result of our group applying ab-initio master equations without Fermi-blocking to real molecular systems, and predicting rates which were too large. Tracing back the origin of the discrepancy between our theory and experiments, we realized that previous combinations of electronic structure theory and master equations had missed this detail. For linear response away from a determinant, the blocking effect is irrelevant 16 and so the literature is basically correct. A paper using these new formulas in a useful all-electron dynamics code is an immediate follow up. Electron transport methods based on the density matrix will also benefit from the main results of this paper [17] [18] [19] [20] . Electronic statistics can be easily enforced as long as kinetic rates depend on the density matrix.
A. Detailed balance
The textbook perturbation theory of solids in the thermodynamic limit was slightly incorrect until it was revisited by Hirata and He in 2013 21 . The correction made by those authors replaces expectation values taken with respect to a pure state with expressions appropriate for finite temperature. The approach of this paper is the same. In the non-interacting case, the population of an electronic state at long times should tend to the Fermi-Dirac (FD) distribution:
where 
one sees the number of particles exchanged between any two states are equal, meaning the FD distribution is stationary. We have introduced η i , the diagonal of the onehole density matrix. Equation (2) r(x n (1 − x n ))), a sequence famous for its chaotic behavior in the regime where r > 3, although our physical rates never approach this regime.
II. FERMIONIC MASTER EQUATION
We begin our derivation with electrons in energetic contact with an infinite number of bosons at T ≥ 0 equilibrium. To show that FD is the exact equilibrium, they must be non-interacting, but the correction we derive to the dynamics applies in the interacting case as well. We will use a notation for second quantization which follows Ref. 13 . Summation over repeated indices is implied.
In the open-systems approach, the Hamiltonian is put into this form after diagonalizing the electronic part from some localized basis |i = jÛ ij |ν j with electronic coupling. In the original basis, which is the atomic basis in our work, the system-bath coupling is usually taken to be diagonal: (b α +b α )g α,ν |ν ν| , but leads to off-diagonal coupling: 
In what follows, all operators are MK normal-ordered with respect to the reference density matrices at the present instant of time (we omit the tildes that MK use in their paper). When using these formulas to propagate, it is understood that every time increment has its own reference density and its own normal ordering determined by the previous instant. Following the derivation of our previous work using the timeconvolutionless perturbation theory of Shibata 25, 26 and assuming a separable initial condition between bosons and electrons, we reach the following interaction picture expression for the second-order correction to dynamics of a one-electron operator: 
This expression says two interesting things. It shows that the expectation value of this double commutator does not depend on the higher-order reduced density matrices regardless of whether they are separable or not. Moreover, even if the reference had strong, two-particle correlations, or it was a double-excitation etc., that does not affect this term 27 . This result supports the possibility of an accurate dissipative time-dependent Hartree-Fock equation since the dissipation of the onebody density is not coupled to the two-body density through the bath. 
Which leads to the canonical detailed balance relation in the Redfield equation, but for this equation furnishes canonical K's like Eq. (2). We introduce a version of Γ summed over all α for a given ν called Γ ν :
We note an interesting duality between the electron and the hole in this expression.
The third and fourth terms are particle relaxing, but their blocking factors resemble hole-dephasing terms (they couple to only one index of η), whereas the first and second are particle dephasing, but resemble hole-relaxing terms. A secular approximation must be made to reach an equation which preserves trace, eliminating terms where the frequencies of the oscillating interaction picture factors do not cancel. The resulting electronic equation of motion is the key result of our paper:
where ω mn = m − n . Which is similar to the form of a secular Redfield equation but with blocking factors. This equation rigorously preserves the trace of the one electron reduced density matrix and equilibrates to FD. In the case that the density starts without coherence, η is diagonal and the equation takes the form of Eq. (2).
We will now discuss the importance of these blocking factors in the evolution of populations and coherences using calculations on model systems.
III. RESULTS
First we will demonstrate that propagation of Eq. We have previously shown a method to obtain these spectral densities atomistically from limited amounts of molecular dynamics, but in this work we assume a strong, high-frequency bath 29 to test positivity and rapidly achieve relaxation. After assigning a spectral density and coupling in the real-space ν basis, the electronic
Hamiltonian is diagonalized to recover a Hamiltonian of the form (3). Some of the dynamics is performed at a very high temperature so that the exact reproduction of The electronic dynamics resulting from Eq. (9) preserves the trace of the electronic density matrix and produces a FD distribution at long times. Experiments with several different coherent and incoherent initial conditions and a very strong bath all equilibrate to a FD distribution (Fig. 1) . Solutions of the ordinary secular
Redfield equation are exponential with time constants determined by the eigenvalues of K ij ; however, our trajectories with Fermi blocking do not take the same form.
There are direct implications for the kinetics of excited state relaxation, and the interpretation of transient absorption spectra which are ordinarily fit to a superposition of decaying exponentials. Because of Fermi-blocking, particle-hole excitations and especially multiple particle-hole excitations do not relax with simple exponential kinetics. We define a ground-state probability based on the overlap of the T=0 K ground state and the density during the dynamics:
where Θ is the step function. Here we simulate an 8-site chain at T=300 K, with otherwise unchanged parameters. We initialize the density in a particle-hole excited state by unfilling HOMO-2 and filling HOMO+2 and monitor P g (t) to observe the time dependence of the relaxation rates (Fig. 2) . For single particle-hole states, the rate of relaxation begins rapid as electrons fill in holes (Fig. 2 ) and then adopts a slower 'blocked' and essentially exponential relaxation rate dominated by LUMO→HOMO relaxation at long times. The effective rate only varies by roughly a factor of ten because of the blocking effect. Consequently, it would be difficult to separate from other possible rate fluctuations in ultrafast spectroscopic experiments although we predict that it exists.
Off-diagonal elements of a density matrix are called coherences, and their decay is called dephasing. As has been recently reported by other authors, the dephasing rate of Fermions is considerably different from what ordinary Redfield theory would predict 23 . In distinguishable models of electronic relaxation, coherence tends to be an ambiguous quantity because it is dependent on the chosen basis. In both the energy eigenbasis, and the position eigenbasis coherence has important and measurable implications. In the former, coherence should be zero in the thermodynamic limit.
When they are nonzero, energy-basis coherences oscillate. Our kinetic model does completely decay these coherences and also shows why an atomistic and improvable model for their decay is so important. If we initialize electrons on the left of our chain to reach detailed balance, they naturally flow to the right (Fig. 3) . However if only populations are allowed to relax, even though the populations of energy eigenstates rapidly reach a perfect FD distribution, the undecayed coherences lead to unphysical oscillatory currents in the system.
In the position eigenbasis, coherences determine the measurable quantum delocalization of particles. Real-space coherence also limits the efficiency of electronic structure theory, since the cost of calculating exchange energy is completely determined by how slowly the real-space density matrix decays away from the diagonal.
With our new theory, we can predict how dynamics and finite temperature effects can lead to the long-range decay of the off-diagonal elements of the electronic density matrix (Fig. 4) . This locality can potentially be exploited to make electronic structure models more efficient. Although kinetic equation (2) is non-linear in the density matrix, in our experience it faithfully maps any density matrix to FD equilibrium at long times, as it should since FD density is a known solution of Eq. (9). We have not proven that FD is the only possible solution, but we strongly suspect it is.
IV. DISCUSSION AND CONCLUSIONS
Fermionic relaxation rates must depend nonlinearly on the density matrix to be correct at long times. Consequently, relaxation rates for Fermionic states are not con- , and allowed to warm in contact with a 5000 K bath. −1/Log{γ(x, x )} at two different times are plotted at the same scale to make the coherence decay visible.
stant as a function of time, and tend to slow down over the course of non-radiative relaxation. This effect is extremely unclear in a Boltzmannian 'exciton' model. Hole blocking makes rates of electronic relaxation and dephasing slower than the corresponding rates for distinguishable particles.
These are second-order equations. The rates of transition they predict will become inaccurate in the strong coupling limit, even though we obtain FD with very strong couplings. The main feature of these equations is that they are systematically improvable. One can easily 'Fermi-block' surface hopping rates and perform surface hopping for individual electrons. The results of this paper suggest that with Fermi blocking surface hopping for electrons would, for all intents and purposes, tend to FD. However, that electronic surface hopping would beg for a systematically improvable path to dephasing rates, like its Boltzmann counterpart.
We have found that the MK normal-ordering is an especially useful technique for dynamics, allowing us to work around the impurity of the state. We used it to provide an promising equation of motion for electrons and simulate non-equilibrium vibronic relaxation. As in our previous work, the perturbation theory could also be used to develop electronic equations of motion that treat electron correlation effects, although that will require an automated version of ENO algebra. This paper opens the door to answering whether interacting equilibrium differs meaningfully from the FD equilibrium in real materials, and how that equilibrium is approached. Extension of this work towards higher electronic density matrices is ongoing in our laboratory.
It is significant that these equations approach Fermionic detailed balance naturally, as opposed to enforcing detailed balance in an ad-hoc way. In a related vein, sometimes Pauli-blocking factors are taken to beη i instead of η i (t), which is correct at equilibrium. However, this results in slightly different, and based on the derivation of this work, slightly incorrect kinetics that would not capture the time-dependence of the blocking effect. Applications of this work to predict rates of non-radiative relaxation in molecules is an active pursuit in our laboratory.
